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Abstract
We are interested in thermalization in the D1D5 CFT, since this process is ex-
pected to be dual to black hole formation. We expect that the lowest order process
where thermalization occurs will be at second order in the perturbation that moves
us away from the orbifold point. The operator governing the deformation off of the
orbifold point consists of a twist operator combined with a supercharge operator
acting on this twist. In a previous paper we computed the action of two twist oper-
ators on an arbitrary state of the CFT. In the present work we compute the action
of the supercharges on these twist operators, thereby obtaining the full action of
two deformation operators on an arbitrary state of the CFT. We show that the full
amplitude can be related to the amplitude with just the twists through an action of
the supercharge operators on the initial and final states. The essential part of this
computation consists of moving the contours from the twist operators to the initial
and final states; to do this one must first map the amplitude to a covering space
where the twists are removed, and then map back to the original space on which the
CFT is defined.
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2hampton.197@osu.edu
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1 Introduction
Black holes are systems in which the dominant force is gravity, yet their evaporation is
fundamentally quantum. These are two phenomena which have proven difficult to combine
into a single framework and has proven a main goal of theoretical physics. This provides
us with a compelling testing ground for any attempt we make at understanding quantum
gravity. In the case of string theory, the gravitational description can be studied by
investigating its CFT dual [1]. This dual CFT is the focus of our investigations.
While the exact dual CFT is strongly coupled, an examination of its ‘free’ or ‘orbifold’
point has produced many results [2, 3, 4, 5, 6, 7, 8]. At this coupling the dual CFT consists
of several symmetrized copies of a free CFT whose target space is a 1+1 dimensional sigma
model. This orbifold model has successfully reproduced the entropy and greybody factors
of near-extremal black holes [9], but it cannot provide a description of their formation.
This is because the black hole formation is dual to a thermalization of the dual CFT,
which does not in general occur for excitations in a free theory.
In light of this, it is advantageous to explore a marginal deformation of the CFT away
from its orbifold point. This deformation is given by the operator [10]:
OˆA˙B˙ (w0, w¯0) =
[
1
2πi
∮
w0
G−
A˙
(w) dw
][
1
2πi
∮
w0
G¯−
B˙
(w¯) dw¯
]
σ++2 (w0, w¯0) . (1.1)
The index notations are detailed in appendix A but here we discuss the general structure
of this operator. This operator contains two key components. The first is the twist, σ2,
which joins two copies of the free CFT. If these copies were built on circles of length 2πR,
the twist merges them into a single CFT on a circle of length 4πR. The second ingredient is
the supercharge operator G, which is applied in both left-moving and right-moving sectors.
The combination of these two gives an exactly marginal operator.
For the case when we have a single deformation operator, it was shown in [10, 11, 12]
that the supercharge contour can be removed from the twist by stretching it away until it
acts on the initial and final states of the process. This allows us to separate out the action
of the ‘bare twist’ σ2 from the action of the supercharge. However, no clear mechanism
for thermalization was found at first order in the deformation.
In [13] it was noted that we do expect the essential thermalization vertex to emerge
at second order in the deformation. In [13] the effect of two ‘bare twists’ was computed
on initial states which were either the vacuum or contained one oscillator excitation. In
the present paper, we wish to include the action of the supercharges that act on these
twists to make them into full deformation operators. The supercharges acting on the twist
operators are depicted in Figure 1.
The essential process for handling the supercharges is the same as in the case where we
had just one deformation operator. The result, however, is more complicated. With the
case of one twist, we can unwrap the G contour from the twist and change it to contours
that act above and below this twist; thus we get modes of G acting on the initial and final
states of the amplitude. With two twists, we can again try to unwrap contours of G from
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the twists. But this process yields terms where the contours of G are stuck between the
two twist operators; i.e., we get contours that do not give G modes acting on the initial
and final states of the amplitude.
By going to the covering space of the space where the CFT is defined, we can undo
the action of the twists, and move the G contours in such a way that they do act only
on the initial and final states. This allows us to relate the full action of two deformation
operators (i.e. with the supercharge actions included) to the amplitude with just the two
bare twists. The resulting expression is the main result of this paper. We find terms where
both supercharge contours act on the final state, terms where they both act on the initial
state, and terms where one contour acts on the final state and one contour acts on the
inital state.
Let us begin by recalling the computation [13] that inserts two ‘bare twists’;. i.e., the
deformation operators without the supercharges. The case we examined was the following.
One twist joins two singly-wound copies of the orbifold CFT to a single copy of the CFT
living on a double circle. This is followed by a second twist which returns the double circle
back to two singly-wound copies. It was shown that when the initial CFT copies are both
in a vacuum state, the result is a squeezed state of the schematic form:
σ+2 (w2)σ
+
2 (w1)|0〉 = eγ
B
mnα−mα−n+γ
F
rsd−rd−s |0〉 ≡ |χ〉, (1.2)
where the mode indices are summed over all creation operators. The α modes are bosonic,
while the d modes are fermionic. The coefficients γB and γF were expressed in terms of
finite sums and their behavior for large indices was analyzed.
Figure 1: The cylinder with twist insertions at w1 and w2 and supercharge contours circling the
twist insertions.
In [14] we extended our analysis to include initial excitations in the 1-loop process. Our
results showed that when starting with a single initial excitation on one of the copies, a
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final state containing a weighted linear combination of excitations acting on the squeezed
state was produced. This weight is captured by the f function, or transition amplitude.
Schematically, our results were of the form:
σ+2 (w2)σ
+
2 (w1)α−n|0〉 =
∑
p
fBnpα−p|χ〉
σ+2 (w2)σ
+
2 (w1)d−n|0〉 =
∑
p
fFnpd−p|χ〉, (1.3)
where again our sum encompasses all creation modes. One readily notes that this result
was schematically identical to the first-order case found in [11]. We expect this form at
all orders for the same reason we expect the bogoliubov form of |χ〉 at all orders: Each
mode on the cylinder maps to a linear combination of single modes with the same SU(2)
indices in the twist-free covering space. Since the vacuum gives a bogoliubov, single initial
excitation will give a single excitation above the bogoliubov state.
The plan of this paper is as follows. In section 2, we introduce the orbifold CFT. In
section 3, we write the second order action of the G contours on the two twist operators,
σ+2 σ
+
2 , on the base space. We then map to the covering space which will allow us to write
the G contours originally circling the two twist insertions, at initial and final states. As a
result of the manipulations in section 3, we will have two main integrals to compute labeled
I1 and I2 either containing one or two G contours surrounding a twist. In section 4, we
compute I1 by mapping to the cover space and mapping back. In section 5, we compute
I2 by mapping to the cover space and mapping back. In section 6, we write down the full
expression of the two deformation operator as contours on the cylinder using the results
of sections 4 and 5. The expressions in section 6 will contain the cover space coordinate
which depends nontrivially on the cylinder coordinate. In section 7, we write the covering
space coordinate coming in the contour integrals in section 6 as expansions in terms of
the cylinder coordinate. In section 8, we use the expansions computed in section 7, to
write the cylinder contours in terms of cylinder modes. In section 9, we use the results
computed in section 8, to write down the final result of the two deformation operators in
terms of modes defined on the cylinder.
2 The orbifold CFT
Consider type IIB string theory, compactified as:
M9,1 → M4,1 × S1 × T 4. (2.1)
We then wrap N1 D1 branes on S
1 and N5 D5 branes on S
1 × T 4. We take S1 to be
large compared to T 4, so that the low energies are dominated by excitations only in the
direction S1. This low-energy limit gives a 1 + 1 dimensional CFT living on S1.
At this point, variations in the moduli of string theory move us through the moduli
space of the CFT on S1. It is conjectured that we can move to an ’orbifold point’ where
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this CFT is free and can be described by a particularly simple sigma model [6]. We will
begin in the Euclidean theory at this orbifold point. The base space is a cylinder spanned
by the coordinates τ, σ:
0 ≤ σ < 2π, −∞ < τ <∞. (2.2)
The target space of this CFT is the symmetrized product of N1N5 copies of T
4:
(T 4)N1N5/SN1N5 . (2.3)
Each copy gives 4 bosonic excitations and 4 fermionic excitations. With an index i ranging
from 1 to 4, we label the bosonic excitations X i, the left-moving fermionic excitations ψi,
and the right-moving fermionic ψ¯i. The total central charge is then 6N1N5.
Fortunately, the twist operator fully factorizes into separate left-moving (holomor-
phic) and right-moving (antiholomorphic) sectors. We thus constrain our analysis to the
left-moving portion of (1.1) and to holomorphic excitations. The right-moving sector is
completely analogous.
2.1 NS and R vacuua
At the orbifold point, each separate CFT copy has central charge c = 6. The lowest energy
state in the left-moving sector for such a copy is the NS vacuum:
|0NS〉, h = 0, m = 0, (2.4)
where h is the L0 eigenvalue. However, our interest lies mostly in the R sector of the CFT.
The vaccua of this sector are given by the following:
|0±R〉, h =
1
4
, m = ±1
2
|0R〉, |0˜R〉, h = 1
4
, m = 0. (2.5)
The positive and neutral Ramond vacuua are defined with respect to fermion zero modes
acting on the negative Ramond vacuum as follows:
|0+R〉 = d++0 d+−0 |0−R〉
|0R〉 = d+−0 |0−R〉
|0˜R〉 = d++0 |0−R〉
(2.6)
One can also relate the R and NS sectors via spectral flow [15]. Under spectral flow by an
amount α, the dimension and charge change in the following way:
h′ = h+ αj +
cα2
24
5
j′ = j +
αc
12
(2.7)
Spectral flow by a single unit in the left-moving sector produces the transformations:
α = 1 : |0−R〉 → |0NS〉, |0NS〉 → |0+R〉
α = −1 : |0+R〉 → |0NS〉, |0NS〉 → |0−R〉. (2.8)
The other R vacuua can flow to the NS sector by first relating them to |0±R〉 via fermion
zero modes.
3 The amplitude and its map to the covering space
We begin by describing the cylinder coordinate w. We then introduce the initial and final
states as well as the twist operators. We record their location on the cylinder.
Next, we note the amplitude that we have to compute. We then map this amplitude
to the covering space of the CFT, where the action of the twists will be removed.
Furthermore, since the CFT has a left (holomorphic) sector and a right (antiholomor-
phic) sector, our computation is completely factorized between these sectors. Therefore,
we just concentrate on just the left sector; the right sector is entirely analogous.
3.1 The Cylinder
Now let us start with defining our cylinder coordinate
w = τ + iσ (3.1)
where τ is euclidean time and σ is the spatial coordinate of our cylinder. The cylinder
radius R has been included both coordinates so that σ just becomes the angle. In our
initial state at τ = −∞ we have two singly wound copies of the CFT both in the negative
Ramond vacuum which can be defined via spin fields applied to NS vacuua for each copy:
|0−R〉(1)|0−R〉(2) = S(1)−(τ = −∞)S(2)−(τ = −∞)|0NS〉(1)|0NS〉(2) (3.2)
Each twist operator also contains a spin field:
σ+2 (w1) = S
+(w1)σ2(w1)
σ+2 (w2) = S
+(w2)σ2(w2) (3.3)
where we’ve taken |w2| > |w1|. At τ → ∞ we have two singly wound copies of the CFT
described by the state |χ(w1, w2)〉 which was computed in [13] and given schematically in
(1.2). The locations of the initial and final copies of the CFT as well as the twist insertions
are tabulated below:
w = −∞+ iσ, Copy 1 and 2 initial
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w = ∞+ iσ, Copy 1 and 2 final
w1 = τ1 + iσ1, First twist insertion
w2 = τ2 + iσ2, Second twist insertion, τ2 > τ1 (3.4)
Next we describe the supercharge action on the cylinder.
3.2 Supercharge Contours on the Cylinder
Now we describe the supercharge action on the cylinder. We note that the two copies
of the deformation operator will be taken to have SU(2)2 indices A˙, B˙. We will write
the supercharge action at each twist as a contour surrounding that twist. Our goal is
to remove the supercharge contours from these twists, and to move them to the initial
and final states. This will relate the full amplitude for two deformation operators to an
amplitude with just two bare twists.
The two deformation operators on the cylinder give the operator
OˆB˙OˆA˙ =
1
2πi
∮
w2
dwG−
B˙
σ+2 (w2)
1
2πi
∮
w1
dw′G−
A˙
(w′)σ+2 (w1) (3.5)
Let us first stretch the contour for the operator G−
B˙
away from the twist on which
it is applied. We will get three different contributions corresponding to three different
locations:
• B˙ positive direction contour for both copies at τ > τ2
• B˙ negative direction contour for both copies at τ < τ1
• B˙ negative direction contour outside of A˙ contour at τ1
Stretching these contours therefore gives on the cylinder:
OˆB˙OˆA˙ =
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dwG−
B˙
(w)σ+2 (w2)
1
2πi
∮
w1
dw′G−
A˙
(w′)σ+2 (w1)
−σ+2 (w2)
1
2πi
1
2πi
∮
w1
∮
w1,|w−w1|>|w′−w1|
G−
B˙
(w)G−
A˙
(w′)σ+2 (w1) dw dw
′
+σ+2 (w2)
1
2πi
∮
w1
dw′G−
A˙
(w′)σ+2 (w1)
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dwG−
B˙
(w) (3.6)
Here the extra sign change in the second term comes from swapping the order of G−
A˙
and
G−
B˙
. The contours above σ+2 (w2) and below σ
+
2 (w1) wrap around the cylinder and have no
power of ew multiplying G−
B˙
(w). Thus we can rewrite our expression as
OˆB˙OˆA˙ =
(
G
(1),−
B˙,0
+G
(2),−
B˙,0
)
σ+2 (w2)
1
2πi
∮
w1
dw′G−
A˙
(w′)σ+2 (w1)
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−σ+2 (w2)
1
2πi
1
2πi
∮
w1
∮
w1,|w−w1|>|w′−w1|
G−
B˙
(w)G−
A˙
(w′)σ+2 (w1) dw dw
′
+σ+2 (w2)
1
2πi
∮
w1
dw′G−
A˙
(w′)σ+2 (w1)
(
G
(1),−
B˙,0
+G
(2),−
B˙,0
)
≡ (G(1),−
B˙,0
+G
(2),−
B˙,0
)I1 − I2 + I1(G(1),−B˙,0 +G(2),−B˙,0
)
(3.7)
where in the last line we have made the following definitions
I1 ≡ σ+2 (w2)
1
2πi
∮
w1
dwG−
A˙
(w)σ+2 (w1)
I2 ≡ σ+2 (w2)
1
2πi
1
2πi
∮
w1
∮
w1,|w−w1|>|w′−w1|
G−
B˙
(w)G−
A˙
(w′)σ+2 (w1) dw dw
′ (3.8)
We now have to evaluate the terms I1 and I2. This will be one of the main steps of
our computation. We will evaluate each of these terms by mapping from the cylinder w
to the a covering space described by a coordinate t. We now turn to this map.
3.3 Mapping from the Cylinder to the t Plane
Let us now define the map from the cylinder to the z plane:
z = ew (3.9)
The z plane locations corresponding to initial and final copies of the CFT and the twist
insertions are given by:
z = e−∞+iσ → |z| = 0, Copy 1 and 2 Final
z = e∞+iσ → |z| =∞, Copy 1 and 2 Final
z1 = e
w1 , First twist insertion
z2 = e
w2 , Second twist insertion (3.10)
Mapping the measure combined with the supercharge as well as the twist operator to the
z plane gives
dwG−
A˙
(w)
w→z−−−→ dz
(
dz
dw
)1/2
G−
A˙
(z) = dzz1/2G−
A˙
(z)
σ+2 (wi)
w→z−−−→
(
dz
dw
)1/2
w=wi
σ+2 (zi) = z
1/2
i σ
+
2 (zi), i = 1, 2 (3.11)
Now let us map to the covering t plane with the map:
z =
(t+ a)(t + b)
t
(3.12)
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Since our twist operators carry spin fields we will have to compute the images of the spin
fields in the t plane. These are bifurcation points. To do this we take the derivative of our
map in (3.12) and set it equal to zero:
dz
dt
=
t2 − ab
t2
=
(t−√ab)(t+√ab)
t2
= 0 (3.13)
The solution to the above give the images of our spin fields to be:
t1 = −
√
ab, t2 =
√
ab (3.14)
Here we write the t plane images corresponding to initial and final states on the cylinder
where we use (3.10):
z = 0→ t = −a, Copy 1 Initial
z = 0→ t = −b Copy 2 Initial
z →∞→ t = ∞ Copy 1 Final
z →∞→ t = 0 Copy 2 Final (3.15)
where we have split the locations of the initial and final copies. Now inserting the image
points of our twist (3.14) into our map (3.12), we define the twist insertion points in the
z plane in terms of the images of our initial copies a and b:
z1 ≡ (t1 + a)(t1 + b)
t1
= (
√
a−
√
b)2
z2 ≡ (t2 + a)(t2 + b)
t2
= (
√
a+
√
b)2 (3.16)
We note that our the measure and supercharge transform as:
dz z1/2G−
A˙
(z)
z→t−−→ dt(t + a)1/2(t+ b)1/2t−1/2
(
dz
dt
)−1/2
G−
A˙
(t)
= dt(t + a)1/2(t+ b)1/2t−1/2(t− t1)−1/2(t− t2)−1/2tG−A˙(t)
= dt(t + a)1/2(t+ b)1/2(t− t1)−1/2(t− t2)−1/2t1/2G−A˙(t) (3.17)
Let us define the separation of the twists as ∆w ≡ w2 − w1. We can therefore define
w1 = −∆w2 and w2 = ∆w2 . Using (3.10), (3.16) and our definitions of w1 and w2, we can
rewrite our a and b coordinates in terms of the twist separation ∆w:
√
a =
1
2
(
√
z2 +
√
z1) =
1
2
(
e
∆w
4 + e−
∆w
4
) → a = cosh2
(
∆w
4
)
√
b =
1
2
(
√
z2 −√z1) = 1
2
(
e
∆w
4 − e−∆w4 ) → b = sinh2
(
∆w
4
)
(3.18)
We see that a, b are strictly positive so we are confident to take the positive branch to be√
ab and the negative branch to be −√ab.
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3.4 Spectral Flows
Since we started on the cylinder in the Ramond sector, the t plane contains spin fields
coming from the initial state (3.2), the final state given by |χ(w1, w2)〉, and two twist inser-
tions. In the final state |χ(w1, w2)〉 we have an exponential of bilinear boson and fermion
operators built on the vacuum |0+R〉(1)|0−R〉(2) where these bilinear operators are accompa-
nied by bosonic and fermionic bogoluibov coefficients. To obtain a nonzero amplitude it
is necessary to cap any given final state with the vacuum (1)〈0R,+|(2)〈0R,−| which is given
by:
(1)〈0R,+|(2)〈0R,−| = (1)〈0NS|(2)〈0NS|S(1)−(τ =∞)S(2)+(τ =∞) (3.19)
We therefore see that this capping state also brings in spin fields. We then remove all of
the above mentioned spin fields by spectral flowing them away. Below, we record the spin
fields sitting at finite points in the t plane:
|0−R〉(1) → S−(t = −a)
|0−R〉(2) → S−(t = −b)
z
1/2
1 σ
+
2 (z1) → z1/21 S+(t = t1)
z
1/2
2 σ
+
2 (z2) → z1/22 S+(t = t2)
(2)〈0R,−| → S+(t = 0) (3.20)
We also have a spin field at t = ∞ coming from (1)〈0R,+|. As we spectral flow away the
spin fields at finite points the spin field at infinity will also be removed. We will spectral
flow in a way that does not introduce any new operators such as J ’s. Under spectral flow,
our G− changes as follows
G−
A˙
(t)→ (t− ti)α2G−A˙(t) (3.21)
where ti is the location of the spectral flow. Performing the following spectral flows
α = +1 around ti = −a,−b
α = −1 around ti = t1, t2, 0
(3.22)
transforms our supercharge as follows:
G−
A˙
(t)→ (t− a)1/2(t− b)1/2(t− t1)−1/2(t− t2)−1/2t−1/2G−A˙(t) (3.23)
Combining our spectral flow in (3.23) with the coordinate map from the z to t plane given
in (3.17), our modification of the integrand and measure is given by:
dt(t + a)1/2(t+ b)1/2(t− t1)−1/2(t− t2)−1/2t1/2G−A˙(t)
t→sf t−−−−→ dt(t + a)(t+ b)(t− t1)−1(t− t2)−1G−A˙(t)
(3.24)
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So the full transformation from w to spectral flowed t plane.
dwG−
A˙
(w)
w→z−−−→ dz z1/2G−
A˙
(z)
z→t−−→ dt(t+ a)1/2(t + b)1/2(t− t1)−1/2(t− t2)−1/2t1/2G−A˙(t)
t→sf t−−−−→ dt(t+ a)(t + b)(t− t1)−1(t− t2)−1G−A˙(t)
(3.25)
We will also obtain an over factor of C when performing our spectral flows coming from the
presence of other spin fields. This constant depends upon the order in which the spectral
flows were performed. We won’t worry about the value of C because we will invert the
spectral flows in exactly the opposite order which will remove it.
Our next goal is to compute the amplitudes I1 and I2.
4 Computing I1
Now let us compute integral expression I1. We start with the expression I1. We apply
the transformation (3.25) and note the Jacobian factor (z1z2)
1/2 coming from (3.11). We
obtain
I1 → C(z1z2)1/2 1
2πi
∮
t1
dt(t + a)(t+ b)(t− t1)−1(t− t2)−1G−A˙(t) (4.1)
We have removed all spin fields but we still have a singularity at t = t2. To remove the
singular behavior from t2 we expand (t− t2)−1 around t1:
(t− t2)−1 = (t− t1 + t1 − t2)−1 =
∞∑
k=0
−1Ck(t1 − t2)−k−1(t− t1)k
= (t1 − t2)−1 +
∞∑
k=1
−1Ck(t1 − t2)−k−1(t− t1)k
(4.2)
Inserting this into (4.1) we see that the only nonvanishing term be will the k = 0 term
because all others will annihilate the vacuum at t1. Let us show this in more detail. We
first define supercharge modes natural to the t plane:
G˜α,t→t1
A˙,r
=
1
2πi
∮
dt(t− t1)r+1/2GαA˙,r (4.3)
Then we have
G˜−,t→t1
A˙,r
|0NS〉t1 = 0, r > −3/2 (4.4)
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Therefore as we stated previously, the only G˜−
A˙
mode that survives when acting locally
at t1 is the one corresponding to k = 0 in the expansion given in (4.2) which is G˜
−,t→t1
A˙,− 3
2
.
Therefore (4.1) becomes
I1 → C(z1z2)1/2(t1 − t2)−1 1
2πi
∮
t2
dt(t+ a)(t + b)(t− t1)−1G−A˙(t) (4.5)
We now only have contours around t = t1. We can now expand I1 to points corresponding
to initial and final states in the t plane.
I1 → −C(z1z2)1/2 1
(t2 − t1)
× 1
2πi
(∮
t=∞
−
∮
t=0
−
∮
t=−a
−
∮
=−b
)
dt(t + a)(t+ b)(t− t1)−1G−A˙(t)
= C(z1z2)
1/2 1
(t2 − t1)
× 1
2πi
(
−
∮
t=∞
+
∮
t=0
+
∮
t=−a
+
∮
=−b
)
dt(t + a)(t+ b)(t− t1)−1G−A˙(t)
(4.6)
where the minus signs come from the fact that contours at finite points reverse their order.
Let us now undo the spectral flows. Performing spectral flows in the reverse direction, the
integrand and measure change as follows
G−
A˙
(t) dt
t → rsf t−−−−−−→ (t− a)−1/2(t− b)−1/2(t− t1)1/2(t− t2)1/2t1/2G−A˙(t) dt
1l(t2)1l(t1) → S+(t2)S+(t1) (4.7)
where we have restored all spin fields but have only explicitly written those at the twist
insertion points. Now let us map back to the z plane. The combination of the measure
with G−
A˙
(t) along with the spin fields transform as:
G−
A˙
(t) dt
rsf t→z−−−−−→
(
dz
dt
)1/2
G−
A˙
(z) dz = (t− t1)1/2(t− t2)1/2t−1G−A˙(z) dz
S+(t2)S
+(t1)
rsf t→z−−−−−→ σ+2 (z2)σ+2 (z1) (4.8)
Combining (4.7) and (4.8) with (4.6) gives I1 to be:
I1→−(z1z2)1/2 1
(t2 − t1)
[(
1
2πi
∮
z=∞
dz z1/2(t− t2)G(1)−A˙ (t)
+
1
2πi
∮
z=∞
dz z1/2(t− t2)G(2)−A˙ (z)
)
σ+2 (z2)σ
+
2 (z1)
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−σ+2 (z2)σ+2 (z1)
(
1
2πi
∮
z=0
dz z1/2(t− t2)G(1)−A˙ (z)
+
1
2πi
∮
z=0
dz z1/2(t− t2)G(2)−A˙ (z)
)]
(4.9)
where we have used our map z = (t+a)(t+b)t−1. We note the sign reversal for the integral∮
t=0
because for t = 0 the map goes like z ∼ 1
t
. This reverses the contour direction in the
z plane. Now mapping this result back to the cylinder with the transformation
dzG−
A˙
(z)
z→w−−−→ dwz−1/2G−
A˙
(w)
σ+2 (z2)σ
+
2 (z1)
z→w−−−→ (z1z2)−1/2σ+2 (w2)σ+2 (w1) (4.10)
gives I1 to be:
I1→− 1
(t2 − t1)
[
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)
(
G
(1)−
A˙
(w) +G
(2)−
A˙
(w)
)
σ+2 (w2)σ
+
2 (w1)
−σ+2 (w2)σ+2 (w1)
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)
(
G
(1)−
A˙
(w) + G
(2)−
A˙
(w)
)]
(4.11)
Let us take t1 = −t2. Inserting this into (4.11) gives I1 to be:
I1→− 1
2t2
[
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)
(
G
(1)−
A˙
(w) +G
(2)−
A˙
(w)
)
σ+2 (w2)σ
+
2 (w1)
−σ+2 (w2)σ+2 (w1)
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)
(
G
(1)−
A˙
(w) + G
(2)−
A˙
(w)
)]
(4.12)
Looking at (4.12), we see that we have written I1 in terms of G−A˙ contours at initial and
final states on the cylinder. Later we will write our contours in terms of cylinder modes
where we will have to expand the t coordinate in terms z = ew.
As a side note, let us summarize the total transformation going from the t plane all
the way back to the cylinder. We note that it is exactly opposite from the transformation
(3.25):
dtG−
A˙
(t)
t→rsf t−−−−−→ (t+ a)−1/2(t+ b)−1/2(t− t1)1/2(t− t2)1/2t1/2 dtG−A˙(t)
rsf t→z−−−−→ dzz−1/2t−1(t− t1)(t− t2)G−A˙(z)
w→z−−−→ dw (t + a)−1(t+ b)−1(t− t1)(t− t2)G−A˙(w) (4.13)
and for the spin fields coming from twist insertions
1l(t2)1l(t1)
t→rsf t−−−−→ S+(t2)S+(t1)
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S+(t2)S
+(t1)
rsf t→z−−−−−→ σ+2 (z2)σ+2 (z1)
σ+2 (z2)σ
+
2 (z1)
z→w−−−→ (z1z2)−1/2σ+2 (w2)σ+2 (w1) (4.14)
In the next section we compute the amplitude I2 following the same procedure as we did
here for I1.
5 Computing I2
Now let us compute the integral expression I2. We start with the cylinder expression:
I2 ≡ σ+2 (w2)
1
2πi
1
2πi
∮
w1
∮
w1,|w−w1|>|w′−w1|
G−
B˙
(w)G−
A˙
(w′)σ+2 (w1) dw dw
′ (5.1)
Let us map from the cylinder to the t plane and perform the necessary spectral flows. In
doing this we obtain a modification in our integral expression that is similar to I1 except
now we have two integrals instead of one. Therefore inserting the result in (3.25) for both
the t integral and the t′ integral gives
I2 → CC ′(z1z2)1/2 1
2πi
1
2πi
∮
t1
∮
t1,|t−t1|>|t′−t1|
(t+ a)(t+ b)(t− t1)−1(t− t2)−1
(t′ + a)(t′ + b)(t′ − t1)−1(t′ − t2)−1G−B˙(t)G−A˙(t′) dt dt′ (5.2)
where the constants C and C ′ come from spectral flows in both the t and t′ coordinates
respectively. Both constants will again be removed later when spectral flowing in exactly
the reverse order. We again remove singular terms at t2 by expanding them around t1.
Inserting the expansion given in (4.2) into (5.2) for both (t− t2)−1 and (t′− t2)−1 gives I2
to be:
I2 ≡ CC ′(z1z2)1/2
∞∑
k=0
(−1)k(t1 − t2)−k−2 1
2πi
1
2πi
∮
t1
∮
t1,|t−t1|>|t′−t1|
(t + a)(t+ b)
(t− t1)k−1(t′ + a)(t′ + b)(t′ − t1)−1G−B˙(t)G−A˙(t′) dt dt′ (5.3)
Here we make several comments about the nontrivial terms from our k expansions. Since
the A˙ contour is on the inside the only term which survives the (t′− t2)−1 expansion is the
k = 0 term which, as shown when computing I1, is G˜−,t→t1A˙,− 3
2
. For the B˙ contour however we
will have the k = 0 term plus additional terms corresponding to k = 1, 2 in the expansion
of (t − t2)−1. These additional terms anticommute nontrivially with the A˙ contour to
produce J˜− terms. This can be seen when looking at the anticommutation relation:
{G˜α,t→t1
A˙,m
, G˜β,t→t1
B˙,n
} = ǫA˙B˙
[
(m2 − 1
4
)ǫαβδm+n,0 + (m− n)(σaT )αγǫγβ J˜a,t→t1m+n + ǫαβL˜t→t1m+n
]
(5.4)
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where G˜α,t→t1
A˙,m
is defined in (4.3). The t plane J− terms are defined locally at t1 as:
J˜−,t→t1n =
1
2πi
∮
t1
dt(t− t1)nJ−(t) (5.5)
However, instead of actually anticommuting the B˙ mode for k = 1, 2 to produce J˜−
terms, we leave our expression in terms of G˜−’s. The reason is as follows: when we did
anticommute the B˙ modes through the A˙ mode we obtained terms that were proportional
to J˜−,t→t1−1 and J˜
−,t→t1
−2 with J
−,t→t1
n defined in (5.5). We found that for the J˜
−,t→t1
−1 term,
the cylinder expansion was trivial because the cylinder contour carried no factor of (t− t2)
which appears in I1 expression. However, for the J˜−,t→t1−2 term, the cylinder contour carried
a factor (t− t2)−1 which becomes extremely difficult to expand in terms of the coordinate
z = ew which is necessary in order to write our two deformation operator completely in
terms of cylinder modes. To avoid this problem altogether we simply leave our integral
expression, I2, in terms of G− contours.
We note here that we have two cases to consider for I2 which we examine below. The
first case is when A˙ = B˙ and the second case is for general A˙ and B˙. We note that we
compute the special case of A˙ = B˙ in the t plane as opposed to back on the cylinder.
5.1 A˙ = B˙
We first begin with the case of A˙ = B˙. With this constraint the expression I2 can be
written as:
I2 ≡ CC ′(z1z2)1/2
2∑
k=0
(−1)k(t1 − t2)−k−2 1
2πi
1
2πi
∮
t1
∮
t1,|t−t1|>|t′−t1|
(t + a)(t+ b)
(t− t1)k−1(t′ + a)(t′ + b)(t′ − t1)−1G−A˙(t)G−A˙(t′) dt dt′ (5.6)
Let us insert the t plane mode expansions given in (4.3) into (5.6). Therefore (5.6) becomes
I2 → CC ′(z1z2)1/2(t1 − t2)−2(t1 + a)2(t1 + b)2G˜−,t→t1A˙,−3/2G˜
−,t→t1
A˙,−3/2
−CC ′(z1z2)1/2(t1 − t2)−3(t1 + a)2(t1 + b)2G˜−,t→t1A˙,−1/2G˜
−,t→t1
A˙,−3/2
+CC ′(z1z2)
1/2(t1 − t2)−4(t1 + a)2(t1 + b)2G˜−,t→t1A˙,1/2 G˜
−,t→t1
A˙,−3/2
(5.7)
Since we have a local NS vacuum at t1 we compute the action of each term on the vacuum.
Looking at the first term we find:
G˜t→t1,−
A˙,−3/2
G˜t→t1,−
A˙,−3/2
|0NS〉t1 = 0 (5.8)
since two fermions aren’t allowed to be in the same state. Looking at the second and third
terms we find:
G˜−,t→t1
A˙,−1/2
G˜−,t→t1
A˙,−3/2
|0NS〉t1 = −G˜−,t→t1A˙,−3/2G˜
−,t→t1
A˙,−1/2
|0NS〉t1 = 0
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G˜−,t→t1
A˙,1/2
G˜−,t→t1
A˙,−3/2
|0NS〉t1 = −G˜−,t→t1A˙,−3/2G˜
−,t→t1
A˙,1/2
|0NS〉t1 = 0 (5.9)
where we have used anticommutation relation (5.4). We see that these terms also vanish
and therefore conclude that for A˙ = B˙ the integral expression I2 vanishes. This gives a
drastic simplification to the full expression of the two deformation operators given in (3.7).
In the next section we compute the integral expression for I2 for general A˙ and B˙.
5.2 General A˙ and B˙
We now compute integral expression for I2 for general A˙ and B˙. Again writing our
expression we have:
I2 → CC ′(z1z2)1/2
2∑
k=0
−1Ck(t1 − t2)−k−2 1
2πi
1
2πi
∮
t1
∮
t1,|t−t1|>|t′−t1|
(t+ a)(t + b)
(t− t1)k−1(t′ + a)(t′ + b)(t′ − t1)−1G−B˙(t)G−A˙(t′) dt dt′ (5.10)
Taking:
−1Ck = (−1)k (5.11)
gives:
I2 ≡ CC ′(z1z2)1/2
2∑
k=0
(−1)k(t1 − t2)−k−2 1
2πi
1
2πi
∮
t1
∮
t1,|t−t1|>|t′−t1|
(t + a)(t+ b)
(t− t1)k−1(t′ + a)(t′ + b)(t′ − t1)−1G−B˙(t)G−A˙(t′) dt dt′ (5.12)
Let us now expand both the t and t′ contours away from t1 to points corresponding
to initial and final points on the cylinder. Since each contour can land on four different
points stretching them will produce a total of sixteen terms. However, we must take care
to keep up with minus signs as contours will be reversing direction at finite points. Let us
tabulate the minus sign changes. We note that stretching the B˙ contour to finite points
will reverse direction as well as place it on the inside of the A˙ contour that also lands on
that point however we always leave the B˙ supercharge outside of the A˙ supercharge. When
the B˙ and A˙ contour both land at t =∞ we get no sign change because the contours are
in the right direction and the and A˙ contour is still inside of the B˙ contour. Proceeding
forward, we have
B˙ at ∞, A˙ at ∞ → (+1)(+1) = +1
B˙ at ∞, A˙ at 0 → (+1)(−1) = −1
B˙ at ∞, A˙ at a → (+1)(−1) = −1
B˙ at ∞, A˙ at b → (+1)(−1) = −1
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B˙ at 0, A˙ at ∞ → (−1)(+1) = −1
B˙ at 0, A˙ at 0 → (−1)(−1) = +1
B˙ at 0, A˙ at − a → (−1)(−1) = +1
B˙ at 0, A˙ at − b → (−1)(−1) = +1
B˙ at − a, A˙ at ∞ → (−1)(+1) = −1
B˙ at − a, A˙ at 0 → (−1)(−1) = +1
B˙ at − a, A˙ at − a → (−1)(−1) = +1
B˙ at − a, A˙ at − b → (−1)(−1) = +1
B˙ at − b, A˙ at ∞ → (−1)(+1) = −1
B˙ at − b, A˙ at 0 → (−1)(−1) = +1
B˙ at − b, A˙ at − a → (−1)(−1) = +1
B˙ at − b, A˙ at − b → (−1)(−1) = +1 (5.13)
Implementing these sign changes as we stretch our contours in (5.10) gives the following:
I2 → CC ′(z1z2)1/2
2∑
k=0
(−1)k(t1 − t2)−k−2
1
2πi
1
2πi
(∮
t=∞
∮
t′=∞,|t|>|t′|
−
∮
t=∞
∮
t′=0
−
∮
t=∞
∮
t′=−a
−
∮
t=∞
∮
t′=−b
−
∮
t=0
∮
t′=∞
+
∮
t=0
∮
t′=0,|t′|>|t|
+
∮
t=0
∮
t′=−a
+
∮
t=0
∮
t′=−b
−
∮
t=−a
∮
t′=∞
+
∮
t=−a
∮
t′=0
+
∮
t′=−a
∮
t=−a,|t′+a|>|t+a|
+
∮
t=−a
∮
t′=−b
−
∮
t=−b
∮
t′=∞
+
∮
t=−b
∮
t′=0
+
∮
t=−b
∮
t′=−a
+
∮
t′=−b
∮
t=−b,|t′+b|>|t+b|
)
(t+ a)(t + b)(t− t1)k−1(t′ + a)(t′ + b)(t′ − t1)−1G−B˙(t)G−A˙(t′) dt dt′
(5.14)
Let us rearrange (5.14) into three terms grouped according to the contour locations spec-
ified below:
1. t = 0,∞; t′ = 0,∞
2. t = 0,∞; t′ = −a,−b and t = −a,−b; t′ = 0,∞
3. t = −a,−b; t′ = −a,−b
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Contours circling points in set 1 are placed on the cylinder after the two twists. For set
2, each term has one contour before the twists and one after the twists. For set 3, the
contours are both placed before the twists.
Therefore (5.14) becomes:
I2 → CC ′(z1z2)1/2
2∑
k=0
(−1)k(t1 − t2)−k−2
1
2πi
1
2πi
(∮
t=∞
∮
t′=∞,|t|>|t′|
−
∮
t=∞
∮
t′=0
−
∮
t=0
∮
t′=∞
+
∮
t=0
∮
t′=0,|t′|>|t|
)
× (t+ a)(t+ b)(t− t1)k−1(t′ + a)(t′ + b)(t′ − t1)−1G−B˙(t)G−A˙(t′) dt dt′
+ CC ′(z1z2)
1/2
2∑
k=0
(−1)k(t1 − t2)−k−2
× 1
2πi
1
2πi
(
−
∮
t=∞
∮
t′=−a
−
∮
t=∞
∮
t′=−b
+
∮
t=0
∮
t′=−a
+
∮
t=0
∮
t′=−b
−
∮
t=−a
∮
t′=∞
+
∮
t=−a
∮
t′=0
−
∮
t=−b
∮
t′=∞
+
∮
t=−b
∮
t′=0
)
× (t+ a)(t + b)(t− t1)k−1(t′ + a)(t′ + b)(t′ − t1)−1G−B˙(t)G−A˙(t′) dt dt′
+ CC ′(z1z2)
1/2
2∑
k=0
(−1)k(t1 − t2)−k−2
× 1
2πi
1
2πi
(∮
t′=−a
∮
t=−a,|t′+a|>|t+a|
+
∮
t=−a
∮
t′=−b
+
∮
t=−b
∮
t′=−a
+
∮
t′=−b
∮
t=−b,|t′+b|>|t+b|
)
(t+ a)(t + b)(t− t1)k−1
× (t′ + a)(t′ + b)(t′ − t1)−1G−B˙(t)G−A˙(t′) dt dt′ (5.15)
Let us now reverse spectral flow in exactly the opposite order in order to remove the
constants C and C ′ and then map back to the the cylinder. Even though we don’t explicitly
write the intermediate step of mapping from the z plane to the t plane we note that there
is sign change that occurs for any integral around t or t′ = 0. This is again because in
mapping from the t plane to the z plane the contours around t = 0 reverse the direction
of the contour bringing in a minus sign just as they did when mapping from the z plane
to the t plane. In the case where both integrals are around t = t′ = 0, we will gain two
minus signs for that term giving no overall sign change. We note that the B˙ contour maps
from inside of the A˙ contour in the t plane, to outside the A˙ contour in the z plane. Then
the same ordering is kept when going to the cylinder. Using the transformation in (4.13)
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and (4.14) for both G contours gives the following cylinder expression for I2:
I2 →
2∑
k=0
(−1)k(t1 − t2)−k−2
×
[
1
2πi
∮ σ=2pi
σ=0,τ>τ2
dw (t− t1)k(t− t2)
(
G
(1)−
B˙
(w) +G
(2)−
B˙
(w)
)
× 1
2πi
∮ σ′=2pi
σ′=0,τ ′>τ2,τ>τ ′
dw′ (t′ − t2)
(
G
(1)−
A˙
(w′) +G
(2)−
A˙
(w′)
)]
σ+2 (w2)σ
+
2 (w1)
+
2∑
k=0
(−1)k(t1 − t2)−k−2
×
[
− 1
2πi
∮ σ=2pi
σ=0,τ>τ2
dw (t− t1)k(t− t2)
(
G
(1)−
B˙
(w) +G
(2)−
B˙
(w)
)
σ+2 (w2)σ
+
2 (w1)
× 1
2πi
∮ σ′=2pi
σ′=0,τ ′<τ1
dw′ (t′ − t2)
(
G
(1)−
A˙
(w′) +G
(2)−
A˙
(w′)
)
+
1
2πi
∮ σ′=2pi
σ′=0,τ ′>τ2
dw′ (t′ − t2)
(
G
(1)−
A˙
(w′) +G
(2)−
A˙
(w′)
)
σ+2 (w2)σ
+
2 (w1)
× 1
2πi
∮ σ=2pi
σ=0,τ<τ1
dw (t− t1)k(t− t2)
(
G
(1)−
B˙
(w) +G
(2)−
B˙
(w)
)]
−
2∑
k=0
(−1)k(t1 − t2)−k−2σ+2 (w2)σ+2 (w1)
×
[
1
2πi
∮ σ′=2pi
σ′=0,τ ′<τ1
dw′ (t′ − t2)
(
G
(1)−
A˙
(w′) +G
(2)−
A˙
(w′)
)
× 1
2πi
∮ σ=2pi
σ=0,τ<τ1,τ ′>τ
dw (t− t1)k(t− t2)
(
G
(1)−
B˙
(w) +G
(2)−
B˙
(w)
)]
(5.16)
We have now computed the integral expression I2 in terms of contours before and
after the twists on the cylinder. Our next goal is to write the full expression of the
deformation operator on the cylinder before expanding our coordinate t in terms of the
cylinder coordinate w.
We again remind the reader that the general case reduces to the case where A˙ = B˙
that we also computed. However, it is much easier to evaluate this while still in the t plane
as we have done as opposed to waiting until we have reached the cylinder.
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6 Full expression before expanding t in terms of cylin-
der coordinate w
Here we compute the full deformation operator expressions on the cylinder prior to ex-
panding our coordinate t in terms of z = ew. We compute the two cases below.
6.1 A˙ = B˙
Looking at the case when A˙ = B˙, in (5.1) we found that I2 = 0 which gives a great
simplification. Taking I2 = 0 in (3.7) gives the following expression for the two deformation
operator:
OˆA˙OˆA˙ ≡
(
G
(1),−
B˙,0
+G
(2),−
B˙,0
)I1 + I1(G(1),−B˙,0 +G(2),−B˙,0
)
(6.1)
Now inserting our expression for I1 which is given in ( 4.12) into (6.1) gives us the following:
OˆA˙OˆA˙ ≡ −
1
2t2
(
G
(1),−
A˙,0
+G
(2),−
A˙,0
)
[(
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(2)−A˙ (w)
)
σ+2 (w2)σ
+
2 (w1)
−σ+2 (w2)σ+2 (w1)
(
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(2)−A˙ (w)
)]
− 1
2t2
[(
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(2)−A˙ (w)
)
σ+2 (w2)σ
+
2 (w1)
− σ+2 (w2)σ+2 (w1)
(
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(2)−A˙ (w)
)]
×(G(1),−
B˙,0
+G
(2),−
B˙,0
)
(6.2)
This is our cylinder expression for the two deformation operators for the case where A˙ = B˙
before computing the G− contour integrals in terms of cylinder modes. Next we record
the cylinder expression for our two deformation operator for general A˙ and B˙.
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6.2 General A˙ and B˙
Now looking at the case for general A˙ and B˙ we insert (5.16) and (4.12) into (3.7) giving
the expression:
OˆB˙OˆA˙ = −
1
2t2
(
G
(1),−
B˙,0
+G
(2),−
B˙,0
)
×
[(
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(2)−A˙ (w)
)
σ+2 (w2)σ
+
2 (w1)
−σ+2 (w2)σ+2 (w1)
(
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(2)−A˙ (w)
)]
−
2∑
k=0
(−1)k(t1 − t2)−k−2
×
[(
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw (t− t1)k(t− t2)G(1)−B˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw (t− t1)k(t− t2)G(2)−B˙ (w)
)
×
(
1
2πi
∫ σ′=2pi
σ′=0,τ ′>τ2,τ>τ ′
dw′ (t′ − t2)G(1)−A˙ (w′)
+
1
2πi
∫ σ′=2pi
σ′=0,τ ′>τ2,τ>τ ′
dw′ (t′ − t2)G(2)−A˙ (w′)
)]
σ+2 (w2)σ
+
2 (w1)
+
2∑
k=0
(−1)k(t1 − t2)−k−2
×
[(
1
2πi
∮ σ=2pi
σ=0,τ>τ2
dw (t− t1)k(t− t2)G(1)−B˙ (w)
+
1
2πi
∮ σ=2pi
σ=0,τ>τ2
dw (t− t1)k(t− t2)G(2)−B˙ (w)
)
σ+2 (w2)σ
+
2 (w1)
×
(
1
2πi
∫ σ′=2pi
σ′=0,τ ′<τ1
dw′ (t′ − t2)G(1)−A˙ (w′)
+
1
2πi
∫ σ′=2pi
σ′=0,τ ′<τ1
dw′ (t′ − t2)G(2)−A˙ (w′)
)
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−
(
1
2πi
∫ σ′=2pi
σ′=0,τ ′>τ2
dw′ (t′ − t2)G(1)−A˙ (w′)
+
1
2πi
∫ σ′=2pi
σ′=0,τ ′>τ2
dw′ (t′ − t2)G(2)−A˙ (w′)
)
σ+2 (w2)σ
+
2 (w1)
×
(
1
2πi
∫ σ=2pi
σ=2,piτ<τ1
dw (t− t1)k(t− t2)G(1)−B˙ (w)
+
1
2πi
∫ σ=2pi
σ=2,piτ<τ1
dw (t− t1)k(t− t2)G(2)−B˙ (w)
)]
+σ+2 (w2)σ
+
2 (w1)
2∑
k=0
(−1)k(t1 − t2)−k−2
×
[(
1
2πi
∫ σ′=2pi
σ′=0,τ ′<τ1
dw′ (t′ − t2)G(1)−A˙ (w′)
+
1
2πi
∫ σ′=2pi
σ′=0,τ ′<τ1
dw′ (t′ − t2)G(2)−A˙ (w′)
)
×
(
1
2πi
∫ σ=2pi
σ=0,τ<τ1,τ ′>τ
dw (t− t1)k(t− t2)G(1)−B˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ<τ1,τ ′>τ
dw(t− t1)k(t− t2)G(2)−B˙ (w)
)]
− 1
2t2
[(
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− t2)G(2)−A˙ (w)
)
σ+2 (w2)σ
+
2 (w1)
− σ+2 (w2)σ+2 (w1)
(
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(1)−A˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− t2)G(2)−A˙ (w)
)]
×(G(1),−
B˙,0
+G
(2),−
B˙,0
)
(6.3)
We have now written the expression for the two deformation operators on the cylinder
for both the specific case A˙ = B˙ and the more general case A˙ 6= B˙. Remarkably, we were
able to write the expression in terms of G contours before and after the twists. Our next
step is to expand the coordinate t in terms of z = ew in order to write the full deformation
operator in terms of cylinder modes.
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7 Expanding t in terms of the cylinder coordinate w
Now that we have written our two deformation operator as contours on the cylinder our
goal is to write these contours in terms of cylinder modes.
7.1 Map Inversion
To do this we must first invert our map so that we can expand the integrands in terms of
the cylinder coordinate ew. We start with the following:
z =
(t+ a)(t + b)
t
→ zt = t2 + (a+ b)t + ab
→ t2 + t(a+ b− z) + ab = 0 (7.1)
Inserting this result into Mathematica and using t2 =
√
ab gives the solutions
t± =
1
2
(
z − (a+ b)±
√
−(2t2)2 + (a+ b− z)2
)
=
1
2
(
z − (a+ b)±
√
(z − (a+ b+ 2
√
ab))(z − (a+ b− 2
√
ab))
)
(7.2)
Let us now look at the limiting behavior in order to determine which solutions will corre-
spond to which initial and final states.
Final Copies τ →∞⇒ z →∞
Taking the limit as z →∞ we have:
t± =
1
2
(z ±
√
z2) (7.3)
Taking the positive branch of
√
z2:
t± =
1
2
(z ± z) (7.4)
We there see that the t+ solution corresponds to Copy 1 final because
t ∼ z (7.5)
and similarly t− corresponds to Copy 2 final because
t ∼ 0 (7.6)
We also perform this same analysis for the initial copies:
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Initial Copies τ → −∞⇒ z → 0
Taking the limit z → 0
t± =
1
2
(
− (a + b)±
√
(b− a)2
)
(7.7)
Staying consistent with the final copy notation we want the + solution to correspond to
Copy 1 initial. We therefore take the positive branch of
√
(b− a)2 we get:
t± =
1
2
(
− (a+ b)± (b− a)
)
(7.8)
The t+ therefore corresponds to Copy 1 because:
t ∼ −a (7.9)
and the t− solution corresponds to Copy 2 because
t ∼ −b (7.10)
Now that we have picked the appropriate solutions for the appropriate initial and final
states we proceed forward with evaluating t±. Substituting
(a+ b+ 2
√
ab) = z2 = e
∆w
2
(a+ b− 2
√
ab) = z1 = e
−∆w
2
a+ b = −2t2 + e∆w2 (7.11)
into (7.2) gives
t± =
1
2
(
z − (a + b)±
√
(z − e∆w2 )(z − e−∆w2 )
)
(7.12)
Since we will have to expand z around different points corresponding to initial and final
states, let us do each one in turn in the following subsections.
7.2 Copy 1 and Copy 2 Final
Here we expand our t coordinate around τ =∞→ z =∞ in order to write our G contours
in terms of Copy 1 and Copy 2 final modes on the cylinder. Looking at the square root
terms in (7.12), we have a general expansion of the form
(
z + x
)1/2
= z1/2
(
1 + xz−1
)1/2
= z1/2
(
1 + xz−1
)1/2
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=
∑
p1≥0
1/2Cp1z
−p1+1/2xp1 (7.13)
Applying the above expansion to (7.12) we obtain
t± =
1
2
(z − (a+ b))± 1
2
∑
p1≥0
∑
p2≥0
1/2Cp1
1/2Cp2z
−p1−p2+1(−1)p1+p2e∆w2 (p1−p2) (7.14)
which are the solutions, t±, at final points on the cylinder. Let us make the following
variable redefinitions:
k =
p1 − p2
2
n = p1 + p2
⇒ p1 = n
2
+ k
⇒ p2 = n
2
− k (7.15)
Evaluating the limits give:
p1 ≥ 0 ⇒ k + n
2
≥ 0 ⇒ k ≥ −n
2
p2 ≥ 0 ⇒ n
2
− k ≥ 0 ⇒ n
2
≥ k (7.16)
our solutions, (7.14), become:
t± =
1
2
(z − (a + b))± 1
2
∞∑
n=0
(−1)nz−n+1
n
2∑
k=−n
2
1/2Cn
2
+k
1/2Cn
2
−ke
k∆w (7.17)
Looking at our k sum we see for each k = j term with j ∈ Z+ there will be a corresponding
k = −j which allows us to make the following replacement:
ek∆w → cosh (k∆w) (7.18)
Applying this replacement to (7.17) gives:
t± =
1
2
(z − (a+ b))± 1
2
∞∑
n=0
(−1)nz−n+1
n
2∑
k=−n
2
1/2Cn
2
+k
1/2Cn
2
−k cosh
(
k∆w
)
=
1
2
(
z − (a+ b)±
∞∑
n=0
Cnz
1−n
)
(7.19)
where we’ve made the following definition:
Cn ≡ (−1)n
n
2∑
k=−n
2
1/2Cn
2
+k
1/2Cn
2
−k cosh
(
k∆w
)
(7.20)
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Making the replacement z = ew in (7.19) gives
t± =
1
2
(
ew − (a+ b)±
∞∑
n=0
Cne
w(1−n)
)
(7.21)
Here we expanded our t coordinate in terms of the coordinate z = ew for Copy 1 and
Copy 2 final modes. Next we will expand the t coordinate around Copy 1 and Copy 2
initial states.
7.3 Copy 1 and Copy 2 Initial
Here we expand our t coordinate around τ = −∞ → z = 0. Looking back at t± in (7.12)
we must expand the square root portion around around small z. We therefore have:
(
z + x
)1/2
= x1/2
(
1 + x−1z
)1/2
=
∑
p1≥0
1/2Cp1x
−p1+1/2zp1 (7.22)
Applying this to (7.12) gives:
t± =
1
2
(z − (a + b))∓ 1
2
∑
p1≥0
∑
p2≥0
1/2Cp1
1/2Cp2z
p1+p2(−1)p1+p2e−∆w2 (p1−p2)
(7.23)
Again making the substitutions given in (7.15) and (7.16), (7.23) becomes:
t± =
1
2
(z − (a+ b))∓ 1
2
∞∑
n=0
(−1)nzn
n
2∑
k=−n
2
1/2Cn
2
+k
1/2Cn
2
−ke
−k∆w (7.24)
Using the same argument given in (7.18) we write (7.24) as:
t± =
1
2
(
z − (a+ b)∓
∞∑
n=0
Cnz
n
)
(7.25)
Again inserting z = ew in (7.25) gives:
t± =
1
2
(
ew − (a+ b)∓
∞∑
n=0
Cne
nw
)
(7.26)
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We see that the only difference between the t± expansion for initial and final copies comes
in the third term. There is a modification of the mode number as well as a minus sign
difference. We summarize this difference below:
Final Copies : ±
∞∑
n=0
Cne
(1−n)w
Initial Copies : ∓
∞∑
n=0
Cne
nw (7.27)
We have now written our t coordinate in terms of expansions around the location of
Copy 1 and Copy 2 initial states.
In the final section we compute the integral expressions on the cylinder by inserting
the expansions that we have computed for Copy 1 and Copy 2 final as well as Copy 1 and
Copy 2 initial. We then compute the expression for the final result of the two deformation
operators on the cylinder.
8 Computing Supercharge Contours on the Cylinder
Our goal in this section is to compute the expression of the full two deformation operator
in terms of cylinder modes using the expansions computed in Section 7. We first define
the supercharge modes on the cylinder. We then compute the necessary contour integrals
in terms of cylinder modes at locations corresponding to Copy 1 and Copy 2 final states
as well as Copy 1 and Copy 2 initial states that appear in our two deformation operators.
8.1 Supercharge modes on the cylinder
Here we define the supercharge modes on the cylinder. We will have modes before the two
twists and modes after the two twists. Our modes after the twist are defined as follows:
τ > τ2
G
(1),−
C˙,n
≡ 1
2πi
∫ 2pi
σ=0,τ>τ2
dwG
(1),−
C˙
(w)enw
G
(2),−
C˙,n
≡ 1
2πi
∫ 2pi
σ=0,τ>τ2
dwG
(2),−
C˙
(w)enw
(8.1)
with n being at integer. Our modes before the twist are defined as follows:
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τ < τ1
G
(1),−
C˙,n
≡ 1
2πi
∫ 2pi
σ=0,τ<τ1
dwG
(1),−
C˙
(w)enw
G
(2),−
C˙,n
≡ 1
2πi
∫ 2pi
σ=0,τ<τ1
dwG
(2),−
C˙
(w)enw
(8.2)
Here we have defined our supercharge modes on the cylinder. Next we compute the contour
integrals on the cylinder in terms of these cylinder modes.
8.2 Computing Copy 1 and Copy 2 Final Contours
Now we compute the necessary contours that appear in (6.2) and (6.3) in terms of cylinder
modes defined in (8.1). There will be contours of two types in these expressions. We
compute the simpler contours first.
8.2.1 Contours containing (t− t2)
The first contours we compute are of the form:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t+ − t2)G(1)−C˙ (w)
Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− − t2)G(2)−C˙ (w) (8.3)
where t± correspond to the two roots that were computed in Section 7 with t+ correspond-
ing to Copy 1 and t− corresponding to Copy 2. Using (7.21) we compute the following
contribution:
t± − t2 = 1
2
(
ew − (a+ b)±
∞∑
n=0
Cne
(1−n)w
)− t2
=
1
2
(
ew − e∆w2 ±
∞∑
n=0
Cne
(1−n)w
)
(8.4)
Inserting (8.4) into (8.3) and using the mode definitions in (8.1) gives:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t+ − t2)G(1)−C˙ (w)
=
1
2
(
G
(1)−
C˙,1
− e∆w2 G(1)−
C˙,0
+
∞∑
n=0
CnG
(1)−
C˙,1−n
)
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Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− − t2)G(2)−C˙ (w)
=
1
2
(
G
(2)−
C˙,1
− e∆w2 G(2)−
C˙,0
−
∞∑
n=0
CnG
(2)−
C˙,1−n
)
(8.5)
Let us define the symmetric antisymmtric basis:
G−
C˙,n
=
(
G
(1)−
C˙,n
+G
(2)−
C˙,n
)
G˜−
C˙,n
=
(
G
(1)−
C˙,n
−G(2)−
C˙,n
)
(8.6)
We do this because computing amplitudes will turn out to be easier when we write all of
our modes in terms of the symmetric and antisymmetric basis.
Now combining both results given in (8.5) and using the basis (8.6) gives the following
expression:
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t+ − t2)G(1)−C˙ (w) +
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw(t− − t2)G(2)−C˙ (w)
=
1
2
(
G−
C˙,1
− e∆w2 G−
C˙,0
+
∞∑
n=0
CnG˜
−
C˙,1−n
)
(8.7)
For this type of term we see a finite number of symmetric annihilation modes after the
twist and an infinite number of antisymmetric creation modes after the twists. Since
creation modes annihilate when acting on a state to the left we need not worry about
getting an infinite number of terms.
8.2.2 Contours containing
∑2
k=0(t1 − t2)−k−2(−1)k(t− t2)(t− t1)k
Now we compute the more complicated contours of the form:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t+ − t2)(t+ − t1)kG(1),−C˙ (w)
Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t− − t2)(t− − t1)kG(2),−C˙ (w) (8.8)
Let us simplify the following term that we get coming in the integrand of (8.8):
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
=
1
4t22
(
(t± − t2)− (t± − t2)(t± + t2)−2t2 +
(t± − t2)(t± + t2)2
4t22
)
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=
1
16t42
(
(t± − t2)(t2± + 4t±t2 + 7t22)
)
=
1
16t42
(
t±(z
2 − zA +B)− zt22 + z1t22 − 8t32
)
(8.9)
where considerable simplification was made in (8.9). We’ve also made the following defi-
nitions:
A ≡ (2z1 + t2)
B ≡ z1(a+ b) + t2(z2 − 2(a+ b)) (8.10)
We note that we used the relation
z =
(t+ a)(t+ b)
t
→ t2 = (z − (a+ b))t− t22 (8.11)
to reduce powers of t in (8.9). First inserting z = ew into the RHS of (8.9) and then using,
(7.21) we write (8.9) as:
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
=
1
32t42
(
e3w − e2w(A+ a + b)+ ew(A(a+ b) +B − 2t22)
±
( ∞∑
n=0
Cne
(3−n)w − A
∞∑
n=0
Cne
(2−n)w +B
∞∑
n=0
Cne
(1−n)w
)
+
(
2z1t
2
2 − (a+ b)B − 16t32
))
(8.12)
Here we have written our expression in terms of the cylinder coordinate w. Simplifying
(8.12) using the definitions of A and B in (8.10) give:
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
=
1
32t42
[
e3w −A′e2w +B′ew + C ′
±
( ∞∑
n=0
Cne
(3−n)w − A
∞∑
n=0
Cne
(2−n)w +B
∞∑
n=0
Cne
(1−n)w
)]
(8.13)
where we make the following definitions:
A′ ≡ A+ a + b
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B′ ≡ A(a + b) +B − 2t22
C ′ ≡ 2z1t22 − (a+ b)B − 16t32 (8.14)
Let us combine the sums together. To do this let us expand each individual sum in (8.13)
appropriately:
∞∑
n=0
Cne
(3−n)w = C0e
3w + C1e
2w +
∞∑
n=2
Cne
(3−n)w
= e3w − (a+ b)e2w +
∞∑
n=2
Cne
(3−n)w
A
∞∑
n=0
Cne
(2−n) = Ae2w + A
∞∑
n=1
Cne
(2−n)w (8.15)
Now shifting each sum back to n = 0 gives:
∞∑
n=0
Cne
(3−n)w = e3w − (a+ b)e2w +
∞∑
n=0
Cn+2e
(1−n)w
A
∞∑
n=0
Cne
(2−n)w = Ae2w + A
∞∑
n=0
Cn+1e
(1−n)w (8.16)
Inserting (8.16) into term containing the three summations in (8.13) gives:
∞∑
n=0
Cne
(3−n)w −A
∞∑
n=0
Cne
(2−n)w +B
∞∑
n=0
Cne
(1−n)w
= e3w −A′e2w +
∞∑
n=0
(
Cn+2 − ACn+1 +BCn
)
e(1−n)w
= e3w −A′e2w +
∞∑
n=0
C ′ne
(1−n)w (8.17)
where
C ′n ≡ (Cn+2 −ACn+1 +BCn
)
(8.18)
Inserting (8.17) into (8.13) gives:
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
=
1
32t42
(
e3w − A′e2w +B′ew + C ′ ±
(
e3w − A′e2w +
∞∑
n=0
C ′ne
(1−n)w
))
(8.19)
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We have now reduced our term to one infinite sum. Now inserting (8.19) into (8.8) for
both Copy 1 and Copy 2 contours, taking t = t+ for Copy 1 and t = t− for Copy 2, and
using the appropriate mode definitions given in (8.1), we obtain the following result for
the Copy 1 and Copy 2 final contours:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw
2∑
k=0
(−1)k(t1 − t2)−k−2(t+ − t2)(t+ − t1)kG(1)−C˙ (w)
=
1
32t42
[
G
(1)−
C˙,3
− A′G(1)−
C˙,2
+B′G
(1)−
C˙,1
+ C ′G
(1)−
C˙,0
+
(
G
(1)−
C˙,3
−A′G(1)−
C˙,2
+
∞∑
n=0
C ′nG
(1)−
C˙,1−n
)]
Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw
2∑
k=0
(−1)k(t1 − t2)−k−2(t− − t2)(t− − t1)kG(2)−C˙ (w)
=
1
32t42
[
G
(2)−
C˙,3
− A′G(2)−
C˙,2
+B′G
(2)−
C˙,1
+ C ′G
(2)−
C˙,0
−
(
G
(2)−
C˙,3
− A′G(2)−
C˙,2
+
∞∑
n=0
C ′nG
(2)−
C˙,1−n
)]
(8.20)
Using our mode definitions in (8.6) we add together both Copy 1 and Copy 2 contours
given in (8.20) to obtain:
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw
2∑
k=0
(−1)k(t1 − t2)−k−2(t+ − t2)(t+ − t1)kG(1)−C˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ>τ2
dw
2∑
k=0
(−1)k(t1 − t2)−k−2(t− − t2)(t− − t1)kG(2)−C˙ (w)
=
1
32t42
(
G−
C˙,3
− A′G−
C˙,2
+B′G−
C˙,1
+ C ′G−
C˙,0
+ G˜−
C˙,3
− A′G˜−
C˙,2
+
∞∑
n=0
C ′nG˜
−
C˙,1−n
)
(8.21)
We note that there are a finite number of both symmetric and antisymmetric annihilation
modes after the twist and an infinite number of creation modes after the twist. Again,
since creation modes annihilate when acting on a state to the left we need not worry about
getting an infinite number of terms.
We have now computed the two relevant types contours at locations on the cylinder
corresponding to Copy 1 and Copy 2 final states. Next, we compute these same contours
at locations on the cylinder corresponding to Copy 1 and Copy 2 initial states.
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8.3 Integral Expressions for Copy 1 and Copy 2 Initial
Here we compute the relevant contours corresponding to Copy 1 and Copy 2 initial states.
We will again have two types of terms analogous to the case for Copy 1 and Copy 2 final
states.
8.3.1 Contours containing (t− t2)
Just as before we begin with the simpler of the two contours with terms of the following
form:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t+ − t2)G(1)−C˙ (w)
Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− − t2)G(2)−C˙ (w) (8.22)
where again we take t+ to correspond to Copy 1 initial and t1 to correspond to Copy 2
initial. For these contours we compute the following expression using (7.26):
t± − t2 = 1
2
(
ew − e∆w2 ∓
∞∑
n=0
Cne
nw
)
(8.23)
Inserting (8.23) into (8.22) and using the mode definitions given in (8.2), we obtain the
following result for Copy 1 and Copy 2 initial contours:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t+ − t2)G(1)−C˙ (w)
=
1
2
(
G
(1)−
C˙,1
− e∆w2 G(1)−
C˙,0
−
∞∑
n=0
CnG
(1)−
C˙,n
)
Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− − t2)G(2)−C˙ (w)
=
1
2
(
G
(2)−
C˙,1
− e∆w2 G(2)−
C˙,0
+
∞∑
n=0
CnG
(2)−
C˙,n
)
(8.24)
Combining both contours given in (8.24) and using the basis defined in (8.6) gives:
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t+ − t2)G(1)−C˙ (w) +
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw(t− − t2)G(2)−C˙ (w)
=
1
2
(
G−
C˙,1
− e∆w2 G−
C˙,0
−
∞∑
n=0
CnG˜
−
C˙,n
)
(8.25)
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We note here that we have a finite number of symmetric and antisymmetric annihilation
modes before the twist and infinite number of antisymmetric annihilation modes before
the twist. Since annihilation modes annihilate when acting on a state to the right we need
not worry about getting an infinite number of terms.
Here we have now computed the simpler of the two relevant contours at cylinder loca-
tions of the inital copies of the CFT. Next we compute the more complicated contours.
8.3.2 Contours containing
∑2
k=0(t1 − t2)−k−2(−1)k(t− t2)(t− t1)k
Here we compute the more complicated contours at initial locations on the cylinder. For
this case we again have contours of the form:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t+ − t2)(t+ − t1)kG(1),−C˙ (w)
Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t− − t2)(t− − t1)kG(2),−C˙ (w)(8.26)
where we again take the t+ solution for Copy 1 initial and the t− solution for Copy 2
initial. For the above contours we again need to compute the integrand
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
=
1
16t42
(
t±(z
2 − zA + B)− zt22 + z1t21 − 8t32
)
(8.27)
but now using initial state expansions. Inserting the initial state expansions of t± given in
(7.26) into (8.12), again with considerable simplification, we obtain:
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
=
1
32t42
[
z3 −A′z2 +B′z + C ′
∓
( ∞∑
n=0
Cnz
n+2 −A
∞∑
n=0
Cnz
n+1 +B
∞∑
n=0
Cnz
n
)]
(8.28)
Inserting z = ew into (8.28) gives the expression:
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
34
=
1
32t42
[
e3w − A′e2w +B′ew + C ′
∓
( ∞∑
n=0
Cne
(n+2)w −A
∞∑
n=0
Cne
(n+1)w +B
∞∑
n=0
Cne
nw
)]
(8.29)
where we have again written our expression in terms of the cylinder coordinate w. We
again adjust the above sums in order to combine terms. Adjusting all three of the sums
in (8.29) gives:
∞∑
n=0
Cne
(n+2)w =
∞∑
n=2
Cn−2e
nw
A
∞∑
n=0
Cne
(n+1)w = A
∞∑
n=1
Cn−1e
nw
= AC0e
w + A
∞∑
n=2
Cn−1e
nw
= Aew + A
∞∑
n=2
Cn−1e
nw
B
∞∑
n=0
Cne
nw = BC0 +BC1e
w +B
∞∑
n=2
Cne
nw
= B − B(a+ b)ew +B
∞∑
n=2
Cne
nw (8.30)
Inserting the expansions in (8.30) into (8.29) gives:
2∑
k=0
(−1)k(t1 − t2)−k−2(t± − t2)(t± − t1)k
=
1
32t42
[
e3w − A′e2w +B′ew + C ′ ∓
(
B − (A+B(a+ b))ew
+
∞∑
n=2
(
Cn−2 − ACn−1 +BCn
)
enw
)]
=
1
32t42
[
e3w − A′e2w +B′ew + C ′ ∓
(
B − (A− B(a+ b))ew +
∞∑
n=2
C ′′ne
nw
)]
(8.31)
where we define
C ′′n ≡ Cn−2 −ACn−1 +BCn (8.32)
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We see that we have again writtin our expression in terms of a single infinite sum.
Inserting the expression (8.31) into (8.26) and using the mode definitions defined in
(8.2) we obtain the following result for Copy 1 and Copy 2 initial contours:
Copy 1 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t− t2)(t− t1)kG(1)−C˙ (w)
=
1
32t42
(
G
(1)−
C˙,3
− A′G(1)−
C˙,2
+B′G
(1)−
C˙,1
+ C ′G
(1)−
C˙,0
−BG(1)−
C˙,0
+ (A+B(a+ b))G
(1)−
C˙,1
−
∞∑
n=0
C ′′nG
(1)−
C˙,n
)
Copy 2 :
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t− t2)(t− t1)kG(2)−C˙ (w)
=
1
32t42
(
G
(2)−
C˙,3
− A′G(2)−
C˙,2
+B′G
(2)−
C˙,1
+ C ′G
(2)−
C˙,0
+BG
(2)−
C˙,0
− (A+B(a+ b))G(2)−
C˙,1
+
∞∑
n=0
C ′′nG
(2)−
C˙,n
)
(8.33)
Combining both contours in (8.33) again using the basis defined in (8.6) gives:
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t− t2)(t− t1)kG(1)−C˙ (w)
+
1
2πi
∫ σ=2pi
σ=0,τ<τ1
dw
2∑
k=0
(t1 − t2)−k−2(−1)k(t− t2)(t− t1)kG(2)−C˙ (w)
=
1
32t42
(
G−
C˙,3
− A′G−
C˙,2
+B′G−
C˙,1
+ C ′G−
C˙,0
− BG˜−
C˙,0
+ (A+B(a + b))G˜−
C˙,1
−
∞∑
n=0
C ′′nG˜
−
C˙,n
)
(8.34)
We note here that our expression contains a finite number of symmetric annihilation
modes before the twist as well as an infinite number of antisymmetric annihilation modes
before the twist. Again, since annihilation modes annihilate when acting on a state to
the right we need not worry about getting an infinite number of terms. We have now
computed the two relevant types contours at locations on the cylinder corresponding to
Copy 1 and Copy 2 initial states.
Since we have computed the relevant supercharge modes at initial and final state loca-
tions on the cylinder appearing in the expressions for our two deformation operators we
are now in position to compute the final result on the cylinder.
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9 Final Result
We are now able to write the expression of our two deformation operators in terms cylinder
modes. Let us now rewrite (6.3) in terms of G modes on the cylinder which we computed
in Section 8. We recall that we have two cases to compute. The first case is when A˙ = B˙
and the second case for general A˙ and B˙. We remind the reader that the general case
reduces to the case of A˙ = B˙ but case is much easier computed while in the t plane. We
write our two cases below.
9.1 A˙ = B˙
Here we compute the final expression for the case where A˙ = B˙. First let us define a
shorthand notation for our twists:
σˆ = σ+2 (w2)σ
+
2 (w1) (9.1)
Now inserting (8.7), (8.25), and (9.1) into (6.2) and using (7.15) we obtain:
OˆA˙OˆA˙ = −
1
4t2
[
G−
A˙,0
(
G−
A˙,1
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ −G−
A˙,0
σˆ
(
G−
A˙,1
−
∞∑
n=0
CnG˜
−
A˙,n
)
+
(
G−
A˙,1
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ G−
A˙,0
− σˆ
(
G−
A˙,1
−
∞∑
n=0
CnG˜
−
A˙,n
)
G−
A˙,0
]
(9.2)
9.2 General A˙ and B˙
For the case for general A˙ and B˙, inserting (8.7), (8.21), (8.25), (8.34) and (9.1) into (6.3)
and using the expression
C ′ = 2z1t
2
2 − (a + b)B − 16t32, (9.3)
gives the final result:
OˆB˙OˆA˙ = −
1
64t42
(
G−
B˙,3
− A′G−
B˙,2
+B′G−
B˙,1
+
(
2z1t
2
2 − B(a+ b)
)
G−
B˙,0
+ G˜−
B˙,3
−A′G˜−
B˙,2
+
∞∑
n=0
C ′nG˜
−
B˙,1−n
)
×
(
G−
A˙,1
− e∆w2 G−
A˙,0
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ
+
1
64t42
(
G−
B˙,3
−A′G−
B˙,2
+B′G−
B˙,1
+
(
2z1t
2
2 − B(a+ b)
)
G−
B˙,0
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+ G˜−
B˙,3
−A′G˜−
B˙,2
+
∞∑
n=0
C ′nG˜
−
B˙,1−n
)
× σˆ
(
G−
A˙,1
− e∆w2 G−
A˙,0
−
∞∑
n=0
CnG˜
−
A˙,n
)
− 1
64t42
(
G−
A˙,1
− e∆w2 G−
A˙,0
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ
×
(
G−
B˙,3
−A′G−
B˙,2
+B′G−
B˙,1
+
(
2z1t
2
2 − (a+ b)B
)
G−
B˙,0
−BG˜−
B˙,0
+ (A+B(a + b))G˜−
B˙,1
−
∞∑
n=2
C ′′nG˜
−
B˙,n
)
+
1
64t42
σˆ
(
G−
A˙,1
− e∆w2 G−
A˙,0
−
∞∑
n=0
CnG˜
−
A˙,n
)
×
(
G−
B˙,3
− A′G−
B˙,2
+B′G−
B˙,1
+
(
2z1t
2
2 − (a+ b)B
)
G−
B˙,0
−BG˜−
B˙,0
+ (A+B(a + b))G˜−
B˙,1
−
∞∑
n=2
C ′′nG˜
−
B˙,n
)
(9.4)
Writing our final result in compact notation, (9.4) becomes:
OˆB˙OˆA˙ = −
1
64t42
[( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=−2
EnG˜
−
B˙,1−n
)( 1∑
n=0
D′nG
−
A˙,n
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ
−
( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=−2
EnG˜
−
B˙,1−n
)
σˆ
( 1∑
n=0
D′nG
−
A˙,n
−
∞∑
n=0
CnG˜
−
A˙,n
)
+
( 1∑
n=0
D′nG
−
A˙,n
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ
( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=0
E ′nG˜
−
B˙,n
)
−σˆ
( 1∑
n=0
D′nG
−
A˙,n
−
∞∑
n=0
CnG˜
−
A˙,n
)( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=0
E ′nG˜
−
B˙,n
)]
(9.5)
where we have computed the above coefficients in terms of ∆w in detail in Appendix B.
We tabulate the results below:
Cn = (−1)n
n
2∑
k=−n
2
1/2Cn
2
+k
1/2Cn
2
−k cosh
(
k∆w
)
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D0 = −1
4
e−
3∆w
2
(
1 + 3e∆w
)
D1 =
3
2
(
1 + e−∆w
)
D2 = −3
4
e−
∆w
2
(
3 + e∆w
)
D3 = 1
D′0 = −e
∆w
2
D′1 = 1
E−2 = 1
E−1 = −3
4
e−
∆w
2
(
3 + e∆w
)
En =
(
Cn+2 − 1
4
e−
∆w
2
(
7 + e∆w
)
Cn+1 +
1
4
(
1 + 3e−∆w
)
Cn
)
, n ≥ 0
E ′0 = −
1
4
(
1 + 3e−∆w
)
E ′1 =
3
4
e−
∆w
2
(
3 + cosh
(
∆w
))
E ′n = −
(
Cn−2 − 1
4
e−
∆w
2
(
7 + e∆w
)
Cn−1 +
1
4
(
1 + 3e−∆w
)
Cn
)
, n ≥ 2 (9.6)
We see that in both cases above, we were able to write the full expression of two deformation
operators in terms of modes before and after the twists using the covering space method.
Also, we again note that there are a finite number of symmetric and antisymmetric
annihilation modes after the twist and a finite number of symmetric annihilation modes
before the twist but an infinite number of antisymmetric creation modes after the twist
and an infinite number of antisymmetric annihilation modes before the twist. These terms
all give finite contributions when computing an amplitude because creators kill on the
left and annihilators kill on the right. We need not worry about an infinite number of
contributions when capping each side with an appropriate state.
9.3 Numerical Plots of Cn
Here we numerically plot the coefficient
Cn =
n
2∑
k=−n
2
1
2Cn
2
+k
1
2Cn
2
−k cosh(k∆w) (9.7)
to determine its behavior for various mode numbers, n. We can write our twist separation
∆w as:
∆w = ∆τ + i∆σ (9.8)
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We wick rotate back to Minkowski signature by taking ∆τ → i∆t which gives
∆w → i∆w (9.9)
with ∆w = ∆t +∆σ being completely real. Inserting (9.9) into (9.7) gives
Cn =
n
2∑
k=−n
2
1
2Cn
2
+k
1
2Cn
2
−k cos(k∆w) (9.10)
We now plot (9.10) in Figure 2 for various values of n:
Figure 2: We plot Cn for (a) n = 5 (b) n = 10 and (c) n = 20 each from ∆w ∈ [−2pi, 2pi]
We see an oscillatory behavior as well as an envelope behavior coming from the twist
separation, ∆w. The number of peaks from 0 to 2π is given by n
2
for even n and n−1
2
for
odd n.
10 Discussion
Black hole formation is a process that has yet to possess a full quantitative description.
Because this process is difficult to study in the gravity setting, it is useful to try to gain
some insight using the dual CFT. Generally, the process of black hole formation in the
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gravity theory would manifest as the process of thermalization in the CFT. Looking at the
D1D5 CFT, we investigate this question of thermalization by considering a deformation
away from its conjectured ‘orbifold point’ where the theory is free.4 This deformation,
OˆA˙, consists of a supercharge G and a twist σ. Looking at first order in the deformation
operator, one finds no clear evidence of thermalization. We thus extended our analysis to
second order in the twist operator where the first twist joins two singly wound copies into
one doubly wound copy and then the second twist returns the double wound copy back
to two singly wounds copies. One finds that after applying two twists to the vacuum a
squeezed state is produced just as in the one twist case. In prior work, we computed the
bosonic and fermionic Bogoluibov coefficients γB, γF± describing this squeezed state. In
the large m,n limit we found a decay with m,n similar to the one twist case [12, 17], but
also found an additional oscillatory dependence arising from the twist separation parameter
∆w [13]. We conjectured that to all orders in the deformation, the Bogoliubov coefficients
could be factored into a part independent of the twist separations, and a part that oscillated
with these separations.5
In this work we extended our analysis further by computing the action of the su-
percharge, G, contained in the full deformation, OB˙OA˙. This involved stretching the G
contours off of the twists, σ2, to initial and final states on the cylinder. We began the com-
putation on the cylinder where we first stretched the second G contour off of the second
twist producing three separate terms. In the first term the second G contour was stretched
above both twists with the first G contour wrapping the first twist. In the second term
both G contours wrapped the first twist. In the third term the second G contour stretched
below both twists with the first G contour wrapping the first twist. However, the goal was
to write the full deformation operator completely in terms of contours before and after
both twists with nothing in between. In order to do this we mapped these three terms
into the covering t plane. We then stretched the G contours in each of the three terms to
initial state and final state punctures in the t plane representing initial and final states on
cylinder. We then mapped this result back to the cylinder to obtain the final expression
for both deformation operators. We note that the final expression is quite complicated
and lengthy. This is because there are many possible t plane locations for the G contours
to land on. We found that the modes of the supercharge involved functions like Cn(∆w)
which had the form of a rapidly oscillating function inside a smooth envelope.
Now that we have the complete action of the deformation operator at second order,
we hope to be able to proceed to the next steps required to find thermalization in the
CFT. Our expression can be applied to any initial state. One can choose a simple state
consisting of a single left and a single right oscillator, which can represent one high energy
particle thrown into the AdS throat. One must then compute the amplitude that we have
computed in the present paper for an arbitrary separation between the two twists, and
integrate over the locations of these twists. The result would represent the breakup of
4For another approach to thermalization in the CFT, see [16].
5For other computations with the twist deformation in the CFT, see [18].
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the initial excitation into lower energy excitations. This is the essential vertex describing
thermalization, in the sense that each of the resulting oscillators can be further broken up
into lower energy excitations in the same way, and so on. Thus multiple applications of
this vertex gives the decay of a high energy particle into the low energy has of excitations
that would describe the black hole phase. Of course there will be more complicated effects
coming from the interaction of three twists and so on, but we expect that the qualitative
picture of thermalization would emerge by considering the repeated application of the
two-twist vertex. We hope to return in a following paper to complete these remaining
steps.
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A CFT notation and conventions
We follow the notation of [10, 11], which we record here for convenience. We have 4 real
left moving fermions ψ1, ψ2, ψ3, ψ4 which we group into doublets ψ
αA as follows:(
ψ++
ψ−+
)
=
1√
2
(
ψ1 + iψ2
ψ3 + iψ4
)
(A.1)
(
ψ+−
ψ−−
)
=
1√
2
(
ψ3 − iψ4
−(ψ1 − iψ2)
)
. (A.2)
Here α = (+,−) is an index of the subgroup SU(2)L of rotations on S3 and A = (+,−)
is an index of the subgroup SU(2)1 from rotations in T
4. The reality conditions on the
individual fermions are
(ψi)
† = ψi ⇒ (ψαA)† = −ǫαβǫABψβB . (A.3)
One can introduce doublets ψ†, whose components are given by
(ψ†)αA = (ψ
αA)†, (A.4)
from which the reality condition is given by
(ψ†)αA = −ǫαβǫABψβB. (A.5)
The 2-point functions are
< ψαA(z)(ψ†)βB(w) >= δ
α
β δ
A
B
1
z − w, < ψ
αA(z)ψβB(w) >= −ǫαβǫAB 1
z − w, (A.6)
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where we have:
ǫ12 = 1, ǫ
12 = −1, ψA = ǫABψB, ψA = ǫABψB . (A.7)
There are 4 real left moving bosons X1, X2, X3, X4, which can be grouped into a matrix:
XAA˙ =
1√
2
Xiσi =
1√
2
(
X3 + iX4 X1 − iX2
X1 + iX2 −X3 + iX4
)
, (A.8)
where σi = (σa, iI). The reality condition on the individual bosons is given by
(Xi)
† = Xi ⇒ (XAA˙)† = −ǫABǫA˙B˙XBB˙ . (A.9)
One can introduce a matrix, X†, with components
(X†)AA˙ = (XAA˙)
† =
1√
2
(
X3 − iX4 X1 + iX2
X1 − iX2 −X3 − iX4
)
, (A.10)
from which the reality condition is given by
(X†)AA˙ = −ǫABǫA˙B˙XBB˙ . (A.11)
The 2-point functions are
< ∂XAA˙(z)(∂X
†)BB˙(w) >= − 1
(z − w)2 δ
B
Aδ
B˙
A˙
, < ∂XAA˙(z)∂XBB˙(w) >=
1
(z − w)2 ǫABǫA˙B˙ .
(A.12)
The chiral algebra is generated by the operators
Ja = −1
4
(ψ†)αA(σ
Ta)αβψ
βA (A.13)
Gα
A˙
= ψαA∂XAA˙, (G
†)A˙α = (ψ
†)αA∂(X
†)AA˙ (A.14)
T = −1
2
(∂X†)AA˙∂XAA˙ −
1
2
(ψ†)αA∂ψ
αA (A.15)
(G†)A˙α = −ǫαβǫA˙B˙GβB˙, GαA˙ = −ǫαβǫA˙B˙(G†)B˙β . (A.16)
These operators generate the OPE algebra
Ja(z)J b(z′) ∼ δab
1
2
(z − z′)2 + iǫ
abc J
c
z − z′ (A.17)
Ja(z)Gα
A˙
(z′) ∼ 1
(z − z′)
1
2
(σaT )αβG
β
A˙
(A.18)
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Gα
A˙
(z)(G†)B˙β (z
′) ∼ − 2
(z − z′)3 δ
α
β δ
B˙
A˙
− δB˙
A˙
(σTa)αβ[
2Ja
(z − z′)2 +
∂Ja
(z − z′) ]−
1
(z − z′)δ
α
β δ
B˙
A˙
T
(A.19)
T (z)T (z′) ∼ 3
(z − z′)4 +
2T
(z − z′)2 +
∂T
(z − z′) (A.20)
T (z)Ja(z′) ∼ J
a
(z − z′)2 +
∂Ja
(z − z′) (A.21)
T (z)Gα
A˙
(z′) ∼
3
2
Gα
A˙
(z − z′)2 +
∂Gα
A˙
(z − z′) . (A.22)
Note that
Ja(z)ψγC(z′) ∼ 1
2
1
z − z′ (σ
aT )γβψ
βC . (A.23)
The above OPE algebra gives the commutation relations
[Jam, J
b
n] =
m
2
δabδm+n,0 + iǫ
ab
cJ
c
m+n (A.24)
[Jam, G
α
A˙,n
] =
1
2
(σaT )αβG
β
A˙,m+n
(A.25)
{Gα
A˙,m
, Gβ
B˙,n
} = ǫA˙B˙
[
(m2 − 1
4
)ǫαβδm+n,0 + (m− n)(σaT )αγǫγβJam+n + ǫαβLm+n
]
(A.26)
[Lm, Ln] =
m(m2 − 1
4
)
2
δm+n,0 + (m− n)Lm+n (A.27)
[Lm, J
a
n ] = −nJam+n (A.28)
[Lm, G
α
A˙,n
] =
(m
2
− n
)
Gα
A˙,m+n
. (A.29)
B Rewriting the Final Result in terms of ∆w
Here we compute the expressions for all of the various coefficients in our final expression
for the full second order deformation operator, OˆB˙OˆA˙, in terms of ∆w which is the only
free parameter. First let us remind the reader of the following parameters
z1 = e
−∆w
2
z2 = e
∆w
2
a = cosh2
(
∆w
4
)
b = sinh2
(
∆w
4
)
t2 =
√
ab
=
1
2
sinh
(
∆w
2
)
(B.1)
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Now let us write our final expression below:
OˆB˙OˆA˙ = −
1
64t42
[( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=−2
EnG˜
−
B˙,1−n
)( 1∑
n=0
D′nG
−
A˙,n
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ
−
( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=−2
EnG˜
−
B˙,1−n
)
σˆ
( 1∑
n=0
D′nG
−
A˙,n
−
∞∑
n=0
CnG˜
−
A˙,n
)
+
( 1∑
n=0
D′nG
−
A˙,n
+
∞∑
n=0
CnG˜
−
A˙,1−n
)
σˆ
( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=0
E ′nG˜
−
B˙,n
)
−σˆ
( 1∑
n=0
D′nG
−
A˙,n
−
∞∑
n=0
CnG˜
−
A˙,n
)( 3∑
n=0
DnG
−
B˙,n
+
∞∑
n=0
E ′nG˜
−
B˙,n
)]
(B.2)
With the following coefficient definitions:
D0 ≡
(
2z1t
2
2 − B(a + b)
)
D1 ≡ B′
D2 ≡ −A′
D3 ≡ 1
D′0 ≡ −e
∆w
2
D′1 ≡ 1
E−2 ≡ 1
E−1 ≡ −A′
En ≡ C ′n, n ≥ 0
E ′0 ≡ −B
E ′1 ≡ A +B(a+ b)
E ′n ≡ −C ′′n, n ≥ 2 (B.3)
and
Cn ≡ (−1)n
n
2∑
k=−n
2
1/2Cn
2
+k
1/2Cn
2
−k cosh
(
k∆w
)
C ′n ≡ (Cn+2 −ACn+1 +BCn
)
C ′′n ≡ Cn−2 − ACn−1 +BCn (B.4)
Where
A ≡ (2z1 + t2)
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B ≡ z1(a+ b) + t2(z2 − 2(a+ b))
A′ ≡ A+ a + b
B′ ≡ A(a+ b) +B − 2t22 (B.5)
Now evaluating (B.5) in terms of ∆w using (B.1) gives
A =
1
4
e−
∆w
2
(
7 + e∆w
)
B =
1
4
(
1 + 3e−∆w
)
A′ =
3
4
e−
∆w
2
(
3 + e∆w
)
B′ =
3
2
(
1 + e−∆w
)
(B.6)
Inserting (B.6) into (B.4) where appropriate gives:
Cn = (−1)n
n
2∑
k=−n
2
1/2Cn
2
+k
1/2Cn
2
−k cosh
(
k∆w
)
C ′n =
(
Cn+2 − 1
4
e−
∆w
2
(
7 + e∆w
)
Cn+1 +
1
4
(
1 + 3e−∆w
)
Cn
)
C ′′n =
(
Cn−2 − 1
4
e−
∆w
2
(
7 + e∆w
)
Cn−1 +
1
4
(
1 + 3e−∆w
)
Cn
)
(B.7)
Now inserting (B.1), (B.6), and (B.7) into (B.3) where appropriate gives:
D0 = −1
4
e−
3∆w
2
(
1 + 3e∆w
)
D1 =
3
2
(
1 + e−∆w
)
D2 = −3
4
e−
∆w
2
(
3 + e∆w
)
D3 = 1
D′0 = −e
∆w
2
D′1 = 1
E−2 = 1
E−1 = −3
4
e−
∆w
2
(
3 + e∆w
)
En =
(
Cn+2 − 1
4
e−
∆w
2
(
7 + e∆w
)
Cn+1 +
1
4
(
1 + 3e−∆w
)
Cn
)
, n ≥ 0
E ′0 = −
1
4
(
1 + 3e−∆w
)
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E ′1 =
3
4
e−
∆w
2
(
3 + cosh
(
∆w
))
E ′n = −
(
Cn−2 − 1
4
e−
∆w
2
(
7 + e∆w
)
Cn−1 +
1
4
(
1 + 3e−∆w
)
Cn
)
, n ≥ 2 (B.8)
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